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Abstract
We give a characterization of primary ideals of finitely generated commutative monoids
and in the case of finitely generated cancellative monoids we give an algorithmic method for
deciding if an ideal is primary or not. Finally we give some properties of primary elements of
a cancellative monoid and an algorithmic method for determining the primary elements of a
finitely generated cancellative monoid. © 2001 Elsevier Science Inc. All rights reserved.
Keywords: Semigroup; Ideal; Primary element
0. Introduction
All semigroups appearing in this paper are commutative. For this reason in the
sequel we will omit this adjective. We denote by Z and N the set of integers and the
set of nonnegative integers, respectively.
The works [2,4] start to develop a theory which studies ideals of semigroups. This
theory is similar to the theory of Ideals of Commutative Rings. For this reason many
of the definitions and theorems in Commutative Algebra have their analogues in the
theory of Ideals of Semigroups (see [1]) and this is why the concept of primary ideal
plays an important role in the theory of Ideals of Semigroup. More recently, the prob-
lem of factorization in domains has been translated, in a more general setting, to the
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problem of factorization in monoids (see [3,6,8,10]). For this reason new interesting
concepts appear. One of them is the concept of primary element of a monoid.
Every finitely generated cancellative monoid is isomorphic to a monoid of the
form Np/∼M with M a subgroup of Zp and ∼M a congruence on Np defined by
a ∼M b, if a − b ∈ M . In this paper, our goal is to give the following two algorithms:
(1) An algorithm to determine if an ideal of Np/ ∼M is primary.
(2) An algorithm to compute the set of primary elements of Np/ ∼M .
The first of these two algorithms is essentially based on two results: an algorithmic
characterization of the primary ideals of Np and an algorithm for computing the
primitive elements of a congruence of the form∼M . The calculations of the primitive
elements of ∼M have already been studied in [12] and they are based on finding the
nonnegative elements of a subgroup of Zn. To solve this problem we can use some
methods which can be found in [5,12,13]. The concept of Archimedean component
was introduced by Tamura and Kimura in [15]. This concept plays an important role
in Algorithm (2). To obtain this algorithm we need to compute from a system of
generators of ∼M the Archimedean components of Np/ ∼M (we can do that using
an algorithm presented in [12]). Once we have computed these sets, this algorithm
uses Algorithm (1) and it returns the set of primary elements of Np/ ∼M .
The contents of this paper are organized as follows. In Section 1 we prove that
primary ideals of finitely generated monoids are quotients of primary ideals of (Nk,
+) for some positive integer k and we characterize the primary ideals of Nk . In
Section 2 we give Algorithm (1), and Algorithm (2) is described in Section 3.
1. Primary ideals of a finitely generated monoid
An ideal of a monoid (S,+) is a nonempty subset I of S fulfilling that for all x ∈ I
and for all s ∈ S the element x + s ∈ I . An ideal I is a primary ideal if it fulfills that
for all x, y ∈ S with x + y ∈ I and x ∈ I , there exists k ∈ N\{0} such that ky ∈ I .
Let (S,+) be the monoid generated by {s1, . . . , sp}, ϕ : Np → S the monoid epi-
morphism defined by ϕ(a1, . . . , ap) = a1s1 + · · · + apsp and R the kernel congru-
ence of ϕ, which is defined by xRy if ϕ(x) = ϕ(y). It is known that S is isomorphic
to the quotient monoid Np/R. In this section, our aim is to describe primary ideals
of Np/R. With this purpose we introduce the following result (see [7]).
Lemma 1. Let I be an ideal of a finitely generated monoid (S,+). There exists a
finite subset B of S such that I = B + S = {b + s | b ∈ B, s ∈ S}.
In the rest of this section we will assume that R is a congruence on Np, I an
ideal of Np/R and E(I ) = {x ∈ Np | [x] ∈ I }, where [x] denotes the R-class of Np
containing x.
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The following two results can be easily deduced. They can be found in [8, Pro-
position 6.9].
Lemma 2. Let I be an ideal of Np/R. The set E(I ) is an ideal of Np.
Using this fact we obtain the following property.
Proposition 3. An ideal I is a primary ideal of Np/R if and only if E(I ) is a primary
ideal of Np.
The following proposition characterizes primary ideals of Np. For every i ∈ {1,
. . . , p}, ei denotes the element of Np having all its coordinates equal to zero except
the ith which is equal to one.
Denote by  the order on Np defined by (a1, . . . , ap)  (b1, . . . , bp) if ai  bi
for all i ∈ {1, . . . , p}. By Dickson’s Lemma (see [12]), if A is a subset of Np, then
Minimals(A), the set of minimal elements of A with respect to, is finite. Observe
that if J is an ideal of Np, then J = Minimals(J )+ Np.
Proposition 4. Let J be an ideal of Np. The following statements are equivalent:
(1) J is a primary ideal of Np,
(2) if (x1, . . . , xp) ∈ Minimals(J ) and xi /= 0, then tei ∈ Minimals(J ) for some
t ∈ N\{0}.
Proof. (1) ⇒ (2): Let x = (x1, . . . , xp) ∈ Minimals(J ) and xi /= 0. Then x −
ei, ei ∈ Np, (x − ei)+ ei ∈ J and x − ei ∈ J . Using that J is a primary ideal, we
deduce that there exists t ∈ N\{0} such that tei ∈ J . Let k = minimum{t ∈ N \ {0} |
tei ∈ J }. This leads to kei ∈ Minimals(J ), since if y ∈ J and y  kei then y =
{0, . . . , 0} and so yx in J, contradicting the fact that x is minimal in J.
(2) ⇒ (1): Let x, y ∈ Np such that x + y ∈ J and x ∈ J . Since x + y ∈ J , we
have that x + y = m+ z for some m ∈ Minimals(J ) and some z ∈ Np. Further-
more, since J is an ideal, x ∈ J and m ∈ J , we have m < x and on the other hand
m < x + y. Thus there exists i ∈ {1, . . . , p} such that mi > xi and mi < xi + yi .
Hence yi > mi − xi > 0 and so yi − ei  0. Therefore y − ei ∈ Np. By hypothesis
there exists t ∈ N \ {0} such that tei ∈ Minimals(J ) ⊆ J . Finally, since y − ei ∈
Np, we obtain ty = t (y − ei)+ tei ∈ J . 
We finish this section describing a method to determine whether an ideal I of
Np/R is primary. If I is an ideal of Np/R, then there exist m1, . . . , mq ∈ Np such
that
I = {[m1], . . . , [mq ]}+ Np/R.
Thus we obtain
E(I ) = {x ∈ Np | xR(mi + s) for some i ∈ {1, . . . , q} and some s ∈ Np} .
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So, if we compute the set Minimals(E(I )) from m1, . . . , mq and from a system
of generators of R, then using Proposition 4 we can decide if E(I ) is a prima-
ry ideal of Np. Finally, Proposition 3 tell us if I is primary. Observe that the set
Minimals(E(I )) can be computed using Algorithm 16 of [14].
In the next section we show that in the case of Np/R being a cancellative monoid
([a] + [c] = [b] + [c] implies [a] = [b]) we can obtain an algorithmic method for
deciding whether an ideal is primary or not.
2. An algorithmic method for determining whether an ideal of a finitely gener-
ated cancellative monoid is a primary ideal
Let R be a congruence on Np. Denote by MR = {a − b | (a, b) ∈ R}. Clearly
MR is a subgroup of Zp. Conversely, if M is a subgroup of Zp, then the binary
relation defined on Np by ∼M = {(a, b) ∈ Np × Np | a − b ∈ M} is a congruence.
It is known (see for instance [11] or [12]) that the monoid Np/R is cancellative if and
only if R = ∼MR . Hence every finitely generated cancellative monoids is isomorphic
to a monoid of the form Np/∼M with M a subgroup of Zp. Our goal in this section is
to give an algorithmic method for determining from M whether an ideal I of Np/∼M
is a primary ideal. This algorithm will allow us to decide from {m1, . . . , mq} ⊆ Np
and a basis of M, if the ideal I = {[m1], . . . , [mq ]} + Np/∼M is primary.
The following lemma can be easily proved.
Lemma 5. Let I = {[m1], . . . , [mq ]} + Np/∼M and Ij = {[mj ]} + Np/∼M for
j = 1, . . . , q. The following conditions are satisfied.
(1) Ij is an ideal of Np/∼M for all j ∈ {1, . . . , q}.
(2) I = I1 ∪ · · · ∪ Iq .
(3) E(I ) = E(I1) ∪ · · · ∪ E(Iq).
(4) Minimals(E(I )) ⊆ Minimals(E(I1)) ∪ · · · ∪ Minimals(E(Iq)).
We now focus our attention on finding an algorithmic method for determining the
set Minimals(E(Ii)). To this end we introduce the concept of irreducible element of
a congruence. An element (a, b) of a congruence R on Np is irreducible if it cannot
be expressed as (a, b) = (a1, b1)+ (a2, b2) with (a1, b1), (a2, b2) ∈ R\{(0, 0)}. De-
note by IR the set of irreducible elements of R. Note that R is a submonoid of Np ×
Np because (0, 0) ∈ R and if (a, b), (c, d) ∈ R, then (a + c, b + d) ∈ R. Thus IR
is a minimal system of generators of the monoid R. The most interesting properties
of I∼M are: it is finite, since M is a subgroup of Zp, and there exists an algorithmic
method to compute it [12] from a basis of M. In fact, by Corollary 8.8 in [12] we get
an algorithm for computing the primitive elements of ∼M , using now Proposition 8.4
in [12] we can easily obtain the irreducible elements of Np/ ∼M . Now, assume that
I∼M = {(α1, β1), . . . , (αt , βt )}. We will show how to compute Minimals(E(Ii))
from I∼M .
J.C. Rosales, J.I. Garci´a-Garci´a / Linear Algebra and its Applications 336 (2001) 219–230 223
Lemma 6. Let
Bi =
{
(a1, . . . , at ) ∈ Nt
∣∣ a1β1 + · · · + atβt = mi + s for some s ∈ Np} .
If x ∈ Minimals(E(Ii)), then there exists (a1, . . . , at ) ∈ Minimals(Bi ) such
that x = a1α1 + · · · + atαt .
Proof. If x ∈ Minimals(E(Ii)), then [x] ∈ Ii = {[mi]} + Np/∼M . Hence there
exists s ∈ Np such that x∼M(mi + s). Applying the fact that I∼M is a system of
generators of ∼M as a monoid, we deduce that there exists (a1, . . . , at ) ∈ Nt such
that (x,mi + s) = a1(α1, β1)+ · · · +at (αt , βt ), whence x = a1α1+ · · · +atαt . As-
sume that (a1, . . . , at ) ∈ Minimals(Bi ). In this case there exists (b1, . . . , bt ) <
(a1, . . . , at ) such that b1β1 + · · · + btβt = mi + u for some u ∈ Np. Let y=b1α1+
· · · + btαt . Then y ∈ E(Ii) and y < x which contradicts the minimality of x. 
Thus the problem of determining if an ideal is primary is reduced to compute the
set Minimals(Bi ) because from this set, applying Lemma 6, it can be determined
the set Minimals(E(Ii)).
Supposemi = (mi1, . . . , mip) and βk = (βk1, . . . , βkp). For every j ∈ {1, . . . , p}
define
Bij =
{
(a1, . . . , at ) ∈ Nt
∣∣ a1β1j + · · · + atβtj = mij + s for some s ∈ N} .
Clearly the sets Bij are ideals of Nt and Bi = Bi1 ∩ · · · ∩Bip.
The following lemma shows a way to determine Minimals(Bi ) from Minimals
(Bij ). For every pair of elements
a = (a1, . . . , at ), b = (b1, . . . , bt ) ∈ Nt
set
a ∨ b = (maximum{a1, b1}, . . . ,maximum{at , bt }) .
Lemma 7. Let A = {x1, . . . , xr} + Nt and B = {y1, . . . , ys} + Nt be ideals of Nt .
Then
A ∩ B = {x1 ∨ y1, . . . , x1 ∨ ys, x2 ∨ y1, . . . , x2 ∨ ys, . . . ,
xr ∨ y1, . . . , xr ∨ ys} + Np.
Proof. If a ∈ A ∩ B, then a ∈ A and a ∈ B. Thus there exist xi and yj such that
a  xi and a  yj . Hence a  xi ∨ yj .
Conversely, if a  xi ∨ yj , then a  xi and a  yj and therefore a ∈ A ∩ B.

In order to solve our problem we only need to know Minimals(Bij ). But this set
can be easily computed using the following result.
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Let Q be the set of rational numbers and for all x ∈ Q denote by x the element
Minimum{t ∈ Z | x  t}.
Lemma 8. Let n1, . . . , nt , n ∈ N and
A = { (a1, . . . , at ) ∈ Nt ∣∣ a1n1 + · · · + atnt = n+ s for some s ∈ N} .
If (a1, . . . , at ) ∈ Minimals(A), then one of the following conditions is fulfilled.
(1) If nj = 0, then aj = 0.
(2) If nj /= 0, then aj  n/nj .
Proof. (1) It follows from the fact that if nj = 0 and (a1, . . . , at ) ∈ A, then
a1n1 + · · · + atnt = a1n1 + · · · + aj−1nj−1 + aj0 + aj+1nj+1 + · · · + atnt
and therefore (a1, . . . , aj−1, 0, aj+1, . . . , at ) ∈ A.
(2) We only have to take into account that if (a1, . . . , at ) ∈ A and aj > n/nj ,
then
(a1, . . . , aj−1, aj − 1, aj+1, . . . , at ) ∈ A. 
Using all the exposed in this section we give the following algorithm which de-
termines if the ideal I = {[m1], . . . , [mq ]} + Np/∼M with m1 = (m11, . . . , m1p),
. . . , mq = (mq1, . . . , mqp) is a primary ideal of Np/∼M .
Algorithm 9.
Input: The set m1, . . . , mq and a basis of M.
Output: If I = {[m1], . . . , [mq ]} + Np/∼M is a primary ideal of Np/ ∼M , then re-
turn “True”, and “False” otherwise.
1. Compute I∼M = {(α1, β1), . . . , (αt , βt )} (see Corollary 8.8 in [12]).
2. For every i ∈ {1, . . . , q} and every j ∈ {1, . . . , p} compute the set Minimals
(Bij ), where
Bij =
{
(a1, . . . , at ) ∈ Nt
∣∣ a1β1j + · · · + atβtj  mij}
(in this step we use Lemma 8).
3. For every i ∈ {1, . . . , q} compute Minimals(Bi ), where
Bi = Bi1 ∩ · · · ∩Bip
(use Lemma 7).
4. Compute Minimals(B), where B = B1 ∪ · · · ∪Bq .
5. Compute Minimals(A), where
A = {a1α1 + · · · + atαt | (a1, . . . , at ) ∈ Minimals(B)} .
6. Check if Minimals(A)+ Np is a primary ideal of Np (in this step we use Prop-
osition 4).
7. If Minimals(A)+ Np is a primary ideal of Np, then return “True”, otherwise
return “False”.
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We finish this section giving the following example.
Example 10. Let
M =
{
(x1, x2, x3) ∈ Z3 x1 + x2 + x3 = 0x1 − x2 − x3 = 0
}
,
m1 = (1, 2, 1) and m2 = (2, 0, 1). We apply the above algorithm for determining if
I = {[m1], [m2]} + N3/∼M is a primary ideal of N3/∼M or not.
Step 1. Applying the results of [12] we obtain
I∼M = {(e1, e1), (e2, e2), (e3, e3), (e3, e2), (e2, e3)},
where e1 = (1, 0, 0), e2 = (0, 1, 0) and e3 = (0, 0, 1). Thus, we get
α1 = e1, α2 = e2, α3 = e3, α4 = e3, α5 = e2,
β1 = e1, β2 = e2, β3 = e3, β4 = e2, β5 = e3.
Step 2.
B11 = {(a1, a2, a3, a4, a5) ∈ N5 | a11 + a20 + a30 + a40 + a50  1},
B12 = {(a1, a2, a3, a4, a5) ∈ N5 | a10 + a21 + a30 + a41 + a50  2},
B13 = {(a1, a2, a3, a4, a5) ∈ N5 | a10 + a20 + a31 + a40 + a51  1},
B21 = {(a1, a2, a3, a4, a5) ∈ N5 | a11 + a20 + a30 + a40 + a50  2},
B22 = {(a1, a2, a3, a4, a5) ∈ N5 | a10 + a21 + a30 + a41 + a50  0},
B23 = {(a1, a2, a3, a4, a5) ∈ N5 | a10 + a20 + a31 + a40 + a51  1}.
Thus we have:
Minimals(B11) = {(1, 0, 0, 0, 0)},
Minimals(B12) = {(0, 2, 0, 0, 0), (0, 1, 0, 1, 0), (0, 0, 0, 2, 0)},
Minimals(B13) = {(0, 0, 1, 0, 0), (0, 0, 0, 0, 1)},
Minimals(B21) = {(2, 0, 0, 0, 0)},
Minimals(B22) = {(0, 0, 0, 0, 0)},
Minimals(B23) = {(0, 0, 1, 0, 0), (0, 0, 0, 0, 1)}.
Step 3. First we compute the set Minimals(B1), where
B1 = B11 ∩B12 ∩B13.
B11 ∩B12 = {(1, 0, 0, 0, 0) ∨ (0, 2, 0, 0, 0),
(1, 0, 0, 0, 0) ∨ (0, 1, 0, 1, 0),
(1, 0, 0, 0, 0) ∨ (0, 0, 0, 2, 0)} + N5
= {(1, 2, 0, 0, 0), (1, 1, 0, 1, 0), (1, 0, 0, 2, 0)} + N5.
(B11 ∩B12) ∩B13 = {(0, 0, 1, 0, 0) ∨ (1, 2, 0, 0, 0), (0, 0, 1, 0, 0)
∨(1, 1, 0, 1, 0), (0, 0, 1, 0, 0)
∨(1, 0, 0, 2, 0), (0, 0, 0, 0, 1)
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∨(1, 2, 0, 0, 0), (0, 0, 0, 0, 1)
∨(1, 1, 0, 1, 0), (0, 0, 0, 0, 1)
∨(1, 0, 0, 2, 0} + N5
= {(1, 2, 1, 0, 0), (1, 1, 1, 1, 0), (1, 0, 1, 2, 0),
(1, 2, 0, 0, 1), (1, 1, 0, 1, 1), (1, 0, 0, 2, 1)} + N5.
Hence,
Minimals(B1)={(1, 2, 1, 0, 0), (1, 1, 1, 1, 0),
(1, 0, 1, 2, 0), (1, 2, 0, 0, 1),
(1, 1, 0, 1, 1), (1, 0, 0, 2, 1)}.
We now compute the set Minimals(B2), where
B2 = B21 ∩B22 ∩B23.
Using again the same reasoning we have that
Minimals(B2) = {(2, 0, 1, 0, 0), (2, 0, 0, 0, 1)}.
Step 4. We compute the set Minimals(B), where B = B1 ∪B2. Then
Minimals(B)= {(1, 2, 1, 0, 0), (1, 1, 1, 1, 0), (1, 0, 1, 2, 0),
(1, 2, 0, 0, 1), (1, 1, 0, 1, 1), (1, 0, 0, 2, 1),
(2, 0, 1, 0, 0), (2, 0, 0, 0, 1)}.
Step 5. First, we compute the set A:
A= {e1 + 2e2 + e3, e1 + e2 + e3 + e3, e1 + e3 + 2e3, e1 + 2e2 + e2,
e1 + e2 + e3 + e2, e1 + 2e3 + e2, 2e1 + e3, 2e1 + e2}
= {(1, 2, 1), (1, 1, 2), (1, 0, 3), (1, 3, 0), (1, 2, 1), (1, 1, 2),
(2, 0, 1), (2, 1, 0)}.
Hence,
Minimals(A) = {(1, 2, 1), (1, 1, 2), (1, 0, 3), (1, 3, 0), (2, 0, 1), (2, 1, 0)}.
Step 6. Applying Proposition 4, we easily deduce that (Minimals(A))+ N3 is
not a primary ideal of N3.
Step 7. The algorithm returns “False” and therefore I is not a primary ideal of
N3/∼M .
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3. Primary elements of a cancellative monoid
Let (S,+) be a monoid and U(S) = {x ∈ S | x + y = 0 for some y ∈ S} its
group of units. An element a ∈ S\U(S) is a primary element of S if {a} + S is a
primary ideal of S. In this section, our aim is to show how the elements of this kind
are distributed in a cancellative monoid. The principal results used for this purpose
were given by Tamura and Kimura [15] (see also [12]). If (S,+) is a monoid,
then we have a binary relation N defined by aNb if there exist k1, k2 ∈ N\{0}
and s1, s2 ∈ S such that k1a = b + s1 and k2b = a + s2. Then N is a congruence
on S and the quotient monoid S/N is a semilattice (it is a semigroup with only
idempotent elements) and every N-class is a subsemigroup of S. These N-classes
are known as the Archimedean components of S and we will denote them by [[a]].
Since S/N is a semilattice, the binary relation  defined on S/N by [[a]]  [[b]]
if [[a]] + [[b]] = [[b]] is an order relation (it satisfies reflexive, antisymmetric and
transitive laws). Furthermore, U(S) = [[0]] = Minimum(S/N).
It is known that if (S,+) is a cancellative monoid, then this monoid is contained
in a group and therefore we can write x − y when x, y ∈ S.
Lemma 11. If (S,+) is a cancellative monoid and a is a primary element of S, then
[[a]] ∈ Minimals(S/N\{[[0]]}).
Proof. Let [[b]] ∈ S/N\{[[0]]} such that [[b]]  [[a]]. Since [[b]]  [[a]], we have
that [[a + b]] = [[a]] + [[b]] = [[a]], whence (a + b)Na. Therefore we can as-
sert that there exist k ∈ N\{0} and s ∈ S such that ka = a + b + s. If for all t ∈
N we have s − ta ∈ S, then s − (k − 1)a = s′ ∈ S and ka = a + b + (k − 1)a +
s′. Thus we deduce that b + s′ = 0, which contradicts with [[b]] /= [[0]] = U(S).
Hence there exist t ∈ N and c ∈ {a} + S such that s = ta + c and consequently we
have that (k − t − 1)a = b + c with c ∈ {a} + S. Since k − t − 1 > 0, otherwise
b ∈ U(S), we obtain that b + c ∈ {a} + S. Using now the fact that {a} + S is a
primary ideal we deduce that there exists k ∈ N\{0} such that kb ∈ {a} + S. This
means that kb = a + s for some s ∈ S. Finally, as ka = b + (a + s), we conclude
that aNb, whence [[a]] = [[b]]. 
The following two results can be easily deduced. They can also be found in Prop-
osition 1.2 of [9].
Lemma 12. Let (S,+) be a cancellative monoid and a, b ∈ S be two primary ele-
ments such that aNb. Then the element a + b is a primary element of S.
Lemma 13. Let (S,+) be a cancellative monoid, a ∈ S\U(S), b ∈ S such that
a + b is a primary element. Then a is a primary element of S.
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Lemma 14. Let (S,+) be a cancellative monoid, a be a primary element and b ∈ S
such that aNb. Then b is a primary element of S.
Proof. By hypotheses there exist k ∈ N\{0} and c ∈ S such that ka = b + c. Since
a is primary, applying Lemma 12 we obtain that ka is primary element. Hence b + c
is primary and b ∈ U(S) (note that b ∈ [[a]] /= U(S)). Finally, using Lemma 13 we
conclude that b is a primary element. 
The following theorem summarizes all the results given so far in this section.
Theorem 15. Let (S,+) be a cancellative monoid and P(S) be the set of primary
elements of S. Then there exists a family {Ci | i ∈ } of elements of Minimals(S/N
\{[[0]]}) such that P(S) =⋃i∈ Ci .
We finish this section describing an algorithm for computing the set of primary
elements of a finitely generated cancellative monoid.
Let M be a subgroup of Zp and S = Np/∼M (recall the definition of ∼M giv-
en in Section 2). In [12] an algorithm for computing a system of generators of the
congruence ∼M is given (note that Proposition 8.3 in [12] assures that the primitive
elements of ∼M generate ∼M as a congruence). In [12] it also appears an algorithm
for calculating the Archimedean components of S from a system of generators of
∼M and it is proved that the number of Archimedean components of Np/∼M is less
than or equal to 2p.
Let C be an Archimedean component of S = Np/∼M . Let
Supp(C)= {i1, . . . , ir}
=
{
i ∈ {1, . . . , p}
∣∣∣ there exists (x1, . . . , xp) ∈ Np,
xi /= 0, [(x1, . . . , xp)] ∈ C
}
and
IC =
{
(x1, . . . , xr ) ∈ Nr
∣∣[x1ei1 + · · · + xreir ] ∈ C}
where ei is the p-tuple with all its coordinates equal to zero except the ith which is
equal to one. In this setting, IC is an ideal of Nr and
C = {[x1ei1 + · · · + xreir ]∣∣(x1, . . . , xr ) ∈ IC}.
In [12] it is shown how the set{
Supp(C)
∣∣C is an Archimedean component of S}
can be computed from a system of generators of ∼M . Using this method and Theo-
rem 15 we can determine P(S), the set of primary elements of S. Firstly, observe
that from [12] it is deduced that if C1, C2 ∈ S/N, then C1  C2 if and only if
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Supp(C1) ⊆ Supp(C2) (recall the definition of  given at the beginning of this sec-
tion). Thus we can determine the set Minimals(S/N\{[[0]]}) (recall that by Theo-
rem 15 we know that all primary elements of S belong to some of these Archimedean
components). Assume that we have computed the set Minimals(S/N\{[[0]]}) =
{C1, . . . , Cl}. Now we take m1 ∈ C1, . . . , ml ∈ Cl (note that if Supp(C) = {ei1, . . . ,
eir }, then [ei1 + · · · + eir ] ∈ C). Now with Algorithm 9 we can determine which
ideals of the set {{m1} + S, . . . , {ml} + S} are primary ideals. Assume that these
primary ideals are {mi1} + S, . . . , {mik} + S. Then, using the definition of primary
element and Theorem 15, we have that P(S) = Ci1 ∪ · · · ∪ Cik .
We now illustrate computing the set of primary elements of a monoid.
Example 16. Let M be the subgroup of Z6 generated by
{(2, 5,−3,−2, 0, 0), (0, 0, 0, 0, 2,−8)}
and S∼=N6/ ∼M . The defining equations of M are
x5 = 0 (mod 2),
−x1 + x2 + x3 = 0,
x1 + x4 = 0,
5x1 − 2x2 = 0,
4x5 + x6 = 0.
First, we compute the set Minimals(S/N\{[[0]]}) and we obtain:
C1 =
{[(x1, 0, 0, 0, 0, 0)] ∣∣ x1  1},
C2 =
{[(0, x2, 0, 0, 0, 0)] ∣∣ x2  1},
C3 =
{[(0, 0, x3, 0, 0, 0)] ∣∣ x3  1},
C4 =
{[(0, 0, 0, x4, 0, 0)] ∣∣ x4  1},
C5 =
{[(0, 0, 0, 0, x5, x6)] ∣∣ x5  1 or x6  1}.
By Lemma 11, if an element a ∈ S is primary, then there exists i ∈ {1, 2, 3, 4, 5}
such that a ∈ Ci . We also have that if a ∈ Ci is a primary element, then Ci ⊆
P(S). We take now the elements x1 = [(1, 0, 0, 0, 0, 0)], x2 = [(0, 1, 0, 0, 0, 0)],
x3 = [(0, 0, 1, 0, 0, 0)], x4 = [(0, 0, 0, 1, 0, 0)] and x5 = [(0, 0, 0, 0, 1, 0)]which be-
long to C1, C2, C3, C4 and C5, respectively. Using Algorithm 9 for checking if the
ideal generated by each one of these elements is primary, we obtain Table 1. The first
column is the column of the elements xi . In the second column are shown the sets of
minimals of the ideals E(xi + S) with i ∈ {1, 2, 3, 4, 5}. The third answers whether
the element xi is a primary element (YES) or not (NO). Thus we obtain P(S) = C5.
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Table 1
xi Minimals(E(xi + S)) Is xi primary?
[(1, 0, 0, 0, 0, 0)] {(1, 0, 0, 0, 0, 0), (0, 0, 3, 2, 0, 0)} NO
[(0, 1, 0, 0, 0, 0)] {(0, 1, 0, 0, 0, 0), (0, 0, 3, 2, 0, 0)} NO
[(0, 0, 1, 0, 0, 0)] {(0, 0, 1, 0, 0, 0), (2, 5, 0, 0, 0, 0)} NO
[(0, 0, 0, 1, 0, 0)] {(0, 0, 0, 1, 0, 0), (2, 5, 0, 0, 0, 0)} NO
[(0, 0, 0, 0, 1, 0)] {(0, 0, 0, 0, 1, 0), (0, 0, 0, 0, 0, 8)} YES
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